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Exercise 1 - Multiple Choice (30 points)

Consider the following 6 claims and mark the corresponding boxes. Grading: 2 points for a correct
marking without a correct justification, 5 points for a correct marking with a correct short justification,
and -2 points for a wrongly marked box (you will receive non-negative total points for the exercise in
any case).

(a) Let π be a permutation drawn uniformly at random from all permutations on n elements. Let for
i ∈ [n] denote by Xi the indicator variable that i comes first in π among the elements
{i, i+ 1, . . . , n− 1, n}.

Then the Xi are mutually independent.

[ ] False [ ] True

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(b) Suppose that a sequence {xn}n≥1 with x1 > 0 satisfies xn = −2
∑n−1

i=1
xi for n ≥ 2. Then

xn ∈ Θ(2n).

[ ] True [ ] False

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(c) Let G be a simple graph, where multiple edges are allowed. If G has two distinct minimum cuts,
then for any edge e ∈ E(G), we have µ(G/e) = µ(G).

[ ] False [ ] True

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) Let p(x, y) be a polynomial in two real variables with degree ≤ d. If p is not identically zero, then
q(x) := p(x, x) has at most d zeros.

[ ] True [ ] False

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(e) To find the smallest element of a set of n numbers, quickselect takes Θ(n2) time in the worst case.

[ ] True [ ] False

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(f) For any graph G with at least one edge the number of Pfaffian orientations is even.

[ ] False [ ] True

Justification: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



Exercise 2 - Unit Balls (30 points)

Let t ∈ N. Prove that there exists k = Θ(log t) such that the following holds: Any arrangement A of
unit balls in R3 where every point is covered by at most t balls has the following property: There exists
a 2-coloring of the balls such that every point that is covered by at least k balls is covered by at least
one ball of each color.

You may assume that a unit ball has volume 4

3
π and that every arrangement of n unit balls in R3 has

at most n3 cells.

Exercise 3 - Checking Matrix Inverse (15 points)

Suppose you are given matrices A,B ∈ Rn×n where B is invertible. Give an algorithm that checks
whether A = B−1 in time O(n2), returning the right answer with probability at least 9

10
.

Exercise 4 - Random Search Trees (30 points)

Let n ∈ N. In this exercise we consider a random binary search tree T on n elements (according to the
usual distribution from the lecture).

Let k1, k2, . . . ki denote the ranks of the keys on the right spine of T , i.e. on the path from the root to
the largest key. Determine E[k1 + k2 + · · ·+ ki]. Note that i is a random number, k1 is the rank of the
root of T , and ki = n.

Exercise 5 - Points in the Plane (25 points)

Consider a set of n points P in the plane where no three points are on a line and no points have the
same x-coordinate. For two points pi = (xi, yi) and pj = (xj , yj), we consider the quantity sij :=
(yi−yj)/(xi−xj). Describe an algorithm that finds a pair of points that maximizes sij , running in time
O(n log n).


